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Abstract
The sub-barrier pairs of energy levels of a Hermitian one-dimensional symmetric double-well po-
tential are known to merge into one, if the inter-well distance (a) is increased slowly. The energy
at which the doublets merge are the ground state eigenvalues of independent (0). We show that
if the double-well is perturbed mildly by a complex PT-symmetric potential, the merging of levels
turns into the coalescing of two levels at an exceptional point a = a∗. For a > a∗, the real part of
complex-conjugate eigenvalues coincides with 0 again. This is an interesting and rare connection
between the two phenomena in two domains: Hermiticity and complex PT-symmetry.
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In one dimensional quantum mechanics there is one to one correspondence between eigen-
values and eigenstates, there is an absence of degeneracy. So when a parameter of the Hamil-
tonian is varied slowly curves can not cross but they can come quite close and then diverge
from each other (Avoided Crossing). Crossings and avoided crossings of levels is commonly
observed in the spectra of two or three dimensional systems. Mostly, in one dimensional
systems if a parameter of the potential is varied slowly, the eigenvalues increase or decrease
monotonically. For particle in an infinitely deep well of width a, En(=
n2pi2h¯2
2ma2
) decrease
as function of a. For harmonic oscillator potential, En = (n + 1/2)h¯ω increase linearly as
function of the frequency parameter ω.
Two levels coming very close may either display merging of two levels or their avoided
crossing. The former is well known to occur in symmetric double-well potentials wherein the
sub-barrier doublets of energy levels merge [1,2] into the levels of the independent wells when
the inter-well distance is increased slowly. On the other hand AC is observed rather rarely
in one dimensional systems. Recently, it has been shown [2,3] that in double-well potentials
if the width or depth of the potential is varied slowly very interesting level crossings can be
observed. Notably the double-well becomes asymmetric.
For one-dimensional non-Hermitian Hamiltonions, it is known that two complex eigen-
values may become real at one special value of the parameter(λ = λ∗)) of the potential after
this point these two eigenvalues may again be complex. Such special values of the parameter
are called Exceptional Point (EP) [4]. More interestingly, when a potential PT-symmetric
(invariant under the joint action of Parity: x → −x and Time-reversal (i → −i), the two
discrete eigenvalues make a transition from real to complex-conjugate or vice versa. For
instance, in the complex PT-symmetric potential: V (x) = −V1sech2x + i|V2|sechx tanhx,
|V2| = V1 + 1/4 = Vc (2m = 1 = h¯2) is the EP of this potential when |V2| ≤ Vc eigenval-
ues are real, otherwise these are complex conjugate pairs[5]. In Fig. 2(a,b,c), we show the
parametric evolution of eigenvalues En(g) for various PT-symmetric potentials [6,7] and for
their Hermitian counterparts.
For Double Dirac Delta Potential(DDDP, Fig. 1(a)) the formula for finding the eigenval-
ues of bound states [2] can be written as
4p2 − 2pu = (u2 + g2)(e−2pa − 1), p =
√
−2µE/h¯. (1)
The solution of Schro¨dinger equation for the Double Dirac-delta well between two rigid
walls (fig. 1(b)) is given by ψ(−a < x < −b) = A sinh p(x+ a),
ψ(−b ≤ x ≤ b) = Bepx + Ce−px, ψ(b < x ≤ a) = D sinh p(x− a).
Be−pb + Cepb = A sinh pd, (V1 + p)Be−pb + (V1 − p)Cepb = Ap cosh pd (2)
Bepb + Ce−pb = −D sinh pd, (V2 − p)Bepb + (V2 + p)Ce−pb = −Dp cosh pd
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FIG. 1: Depiction of various double-well potentials perturbed by imaginary (g 6= 0) PT-symmetric
potentials. Here, V1 = u+ ig, V2 = u− ig. (a): double delta, (b): double delta between two rigid
walls, (c): square double-well.
e2pb[V1 − p(1 + coth pd)][V2 − p(1 + coth pd)] = e−2pb[V1 + p(1− coth pd)][V2 + p(1− coth pd)].(3)
Here, V1 = u+ ig, V2 = u− ig, d = a− b.
The solution of Schro¨dinger equation for the square double-well potential (Fig.1(c)) is
given as, ψ(x < −a) = Aepx + Be−px, ψ(−a ≤ x ≤ −b) = Ceiqx + De−iqx, ψ(−b < x < b) =
Fepx +Ge−px, ψ(b ≤ x ≤ a) = Heirx +Ke−irx and ψ(x > a) = Lepx +Me−px, where,
q =
√
2µ(E + u+ ig)/h¯, r =
√
2µ(E + u− ig)/h¯. (4)
Ae−pa +Bepa = Ce−iqa +Deiqa, Ape−pa −Bpepa = iCqe−iqa − iDqeiqa (5)
Ce−iqb +Deiqb = Fe−pb +Gepb, iCqe−iqb − iDqeiqb = Fpe−pb −Gpepb
Fepb +Ge−pb = Heirb +Ke−irb, Fpepb −Gpe−pb = iHreirb − iKre−irb
Heira +Ke−ira = Lepa +Me−pa, iHreira − iKre−ira = Lpepa −Mpe−pa
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For bound states, we demand B = 0 = L. From Eq.(7) we have B = L m21(E)+M m22(E),
where M 6= 0. Finally we get,
m22(E) = 0 (8)
3
gives the eigenvalues of bound states of double-well in Fig 1(c). Using Eqs. (1,3,6), we
obtain eigenvalues of the double-well potentials (Fig. 1(a,b,c)) for both cases g = 0 and
g 6= 0.
In Fig 2, by solid curves, we show the evolution of eigenvalues En(g) for three PT-
symmetric potentials. By dashed curves, we show the same for Hermitian counterparts of
these potentials when g is replaced by ±ig. Notice the coalescing of eigenvalues at special
values of g, these special values are called EPs. Also note that at or around the EPs, the
evolution of eigenvalues in dashed lines does not show any special feature. So the spectra of
Hermitian and their complex PT-symmetric counterparts do not relate to each other well,
excepting for very small values of g where the eigenvalues of both coincide approximately.
In Fig. 3-5, we present the variation of eigenvalues when the distance between wells in
Fig. 1(a,b,c) is increased slowly. The blue lines present the coalescing of two levels when the
total potential is mildly complex PT-symmetric (g is small). See the dashed red lines for
Hermitian double-well (g = 0) representing merging of two levels. Green dotted and blue
dot-dashed lines arise when non-Hermiticity parameter becomes large, then the coalesced
levels are not contained between the merging levels (red dashed lines).
Lastly, we conclude that the models discussed here bring the spectral phenomena of
coalescing and merging of energy levels closer, however we know that they occur in two
different domains: Hermitian and complex PT-symmetric. Further investigations in this
regard are welcome.
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FIG. 2: The scenario of coalescing of eigenvalues (solid curves) for complex PT-symmetric po-
tentials. (a): V (x) = igx [6] between two rigid walls at x = ±1, (b): V (x) = x2/4 + igx|x| [7],
(c): V (x) = |x| + igx [7]. In all three case En(−g) = En(g). The eigenvalues of their Hermitian
counterparts (when g is replaced by ±ig) are shown by dashed lines. In (b) and (c) they exist
for |g| < 1/4 and |g| < 1, respectively. Notice the qualitative dis-similarity between two types of
spectra. However, quantitatively for small values of g they do coincide.
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FIG. 3: Real part of En of the two levels of the DDDP when a is varied slowly: (i) V1 = 2 = V2
(dashed line), (ii) V1 = 2 + 0.1i, V2 = 2− 0.1i (solid line), (iii) V1 = 2 + i, V2 = 2− i (dotted line).
Dotted and solid lines represent coalescing of eigenvalues in complex PT-symmetric case. Dashed
lines display merging of levels in Hermitian case. The eigenvalues are obtained from Eq. (1)
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FIG. 4: Real part of En of the two levels of the double delta well between two rigid walls (Fig
1(b)), when a is varied slowly: (i) V1 = 2 = V2 (dashed line), (ii) V1 = 2 + 0.1i, V2 = 2 − 0.1i
(solid line), (iii) V1 = 2 + i, V2 = 2 − i (dotted line). Dotted and solid lines represent coalescing
of eigenvalues in complex PT-symmetric case. Dashed lines display merging of levels in Hermitian
case. Not shown are the next two levels which are real without any coalescing. Eigenvalues have
been obtained form Eq. (3)
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FIG. 5: Real part of En of the six levels of the Square double-well (Fig. 1(c)) when b is varied: (i)
V1 = 50 = V2 (dashed line), (ii) V1 = 50+ i, V2 = 50− i (solid line), (iii) V1 = 50+ 5i, V2 = 50− 5i
(dotted line), (iv) V1 = 50 + 10i, V2 = 50 − 10i (dot-dashed line). Excepting red dashed lines,
others represent coalescing of eigenvalues in complex PT-symmetric case . Red dashed lines present
merging of levels in Hermitian case. (a): E0, E1 for g = 0, 1 (b): E2, E3 for g = 0, 1 and E0, E1 for
g = 5 (c): E4, E5 for g = 0, 1, E2, E3 for g = 5 and E0, E1 for g = 10. Eq. (8) has been used here.
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